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Abstract 
Monte Carlo Simulation Based Determination of Nanocomposites 
Thermal Conductivity 
by 
Atakan Tamer 
The effect of non-uniform distribution of single-walled carbon nanotube (SWCNT) in 
polymers on the thermal conductivity of polymer nanocomposites (PNCs) is investigated. 
On a macro-scale, a Monte Carlo simulation based finite element approach is developed 
to account for the spatial uncertainty of SWCNTs based solely on a small fraction of the 
actual morphology of the nanotubes. Furthermore, at a micro/nano level, the proposed 
Monte Carlo finite element approach (MCFEA) captures nanotubes orientation, aspect 
ratio and diameter inferred from statistical information. A homogenization technique is 
applied to each finite element and variations of the effective thermal conductivity of 
PNCs are determined for various local SWCNT volume/weight fraction distributions. 
Finally, to assess the accuracy of the proposed MCFEA, its numerical results are 
compared with data obtained from relevant independent experimental studies. 
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Chapter 1 
Introduction 
The use of polymer matrix composite materials has increased significantly over recent 
decades with applications ranging from aerospace structures to electronic packaging 
materials. They have great advantages in terms of weight, stiffness, durability, and the 
ability to form complex geometries. Various filler materials have been used in 
manufacturing those composites, such as glass and carbon fibers as continuous-fibers, or 
silicon rubber as particulate-fillers. However, utilization of carbon nanotubes into 
polymer matrices and conventional composites has shown great improvements for the 
last few years. 
The discovery of carbon nanotubes by Iijima [1] in 1991 initiated intense research 
activities in various areas of science and engineering. Scientists observed that carbon 
nanotubes (CNTs) possess unique physical and chemical properties. Their extraordinary 
mechanical, thermal, and electrical properties have made nanotubes quite attractive for a 
wide range of applications. Some of these applications can be identified as reinforcing of 
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polymers and structures [2], [3], thermal conductors [4], [5], field emitters [6], [7], 
hydrogen storage [8], quantum wires and semi-conductors [9], [10]. 
Considering their small diameters and their huge aspect ratio, SWCNTs are quite proper 
candidates to be ideal one-dimensional systems. Especially metallic carbon nanotubes are 
truly 1-D conductors, they do not allow electron scattering. Current charges can travel 
through nanorubes without or with diminutive loss which is also called ballistic transport. 
This reduced scattering in metallic CNTs leads low heat generation, therefore they are 
capable of carrying extremely high current densities (-100-1000 MA/cm2) [11], [12]. 
These densities are approximately two orders of magnitude higher than those of currently 
used metals such as copper or aluminum [13]. 
Nanotubes are also extremely conductive for phonons, therefore the thermal conductivity 
of carbon nanotubes is also expected to be quite promising. Several scientific studies 
have showed that conductivity of a single rope of carbon nanotubes can potentially be as 
high as 6600 W/mK even at room temperature which is more than two times that of 
isotopically pure diamond [4]. However, due to high entanglement and bundles, the 
desired conductivity has not been achieved yet. Hone et.al. used magnetic field to align 
the nanotubes [14], and in this manner, they could measure values over 200W/mK which 
is comparable to that of a good quality metal. Berber and his co-workers also determined 
the dependence of the thermal conductivity on temperature [4]. They concluded that 
conductivity reduces drastically as the temperature increases to room temperature. 
Furthermore, the thermal conductivity of an individual multi-walled carbon nanotube 
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(MWCNT) has been measured by Kim and his co-workers [15]. They observed the 
expected T behavior and measured the thermal conductivity as 3000 W/mK at room 
temperature. 
Carbon nanotubes are expected to have also exceptional properties in terms of stiffness 
and strength. Compared to graphite, it is expected that the CNTs have also similar 
mechanical behaviors. It is known that graphite has an in-plane elastic modulus of 1.06 
TPa [16]. Similarly, elastic Moduli of 0.9-1.7 TPa out of 27 SWCNTs were obtained by 
Krishnan et al. [17]. A simply supported beam model was used by Salvetat et al. [18], 
[19] who obtained the moduli of a MWCNT as 810±410 GPa and that of a SWCNT 
around 1 TPa. In 2000, Yu and his co-workers managed to obtain a stress-strain 
measurement for an individual SWCNT bundle and individual MWCNT performing 
direct tensile loading tests [20], [21]. The variation of the Young's modulus ranges from 
320 to 1470 GPa with a mean 1002 GPa for SWCNTs, and from 270 to 950 GPa for 
MWCNTs. In parallel with the experimental works, numerical studies have been 
performed. Lu et al. [22] used molecular dynamics (MD) simulation, and obtained a 
Young's modulus value between 0.97 and 1.11 TPa. Li and Chou [23] employed a 
structural mechanics approach and calculated Young's modulus value ranging from 0.89 
to 1.033 TPa. 
Due to their exceptional thermal properties, carbon nanotubes (CNTs) are one of the most 
promising fibers for enhancing the properties of advanced composite materials. Although 
many groups have studied polymer nanocomposite (PNC) materials for their mechanical 
4 
properties, their possible thermal properties have only recently attracted attention. 
Notably high thermal conductivity of CNTs, coupled with their unique structure, make 
them useful for a number of thermal management applications, such as heat sinking of 
silicon processors, and increasing the thermal conductivity of plastics in such areas as 
housing for electric motors. The applications range from sensors, nanobearings and 
nanoprobes to field emission displays, energy storage and energy conversion devices 
[24]. 
Several experimental studies have been carried out to determine the thermal conductivity 
of single-walled carbon nanotubes (SWCNTs) reinforced polymer composites. 
Haggenmueller et al. measured the thermal conductivity of PNCs of two kinds of 
polymer, low-density (0.26 W/mK) and high-density (0.5 W/mK) polyethylene in the 
presence of SWCNTs [25]. SWCNT-composites prepared with up to 30% in weight (wt 
%) were tested, and a relative increase of 600% was observed for both polymers. 55% 
enhancement in thermal conductivity was achieved by Bonnet et al. for 7.3% SWCNT 
loading in volume [26]. Yu et al. sought the difference between raw and purified 
SWCNTs added to epoxy resin in order to observe the effect of quality of dispersion [27]. 
They concluded that purified nanotubes were much more dispersible in epoxy, while raw 
ones caused a significant raise in the viscosity of the polymer. In case of 9 wt % SWCNT 
loading, the improvement almost quintupled. A different approach was followed by Du et 
al. in the fabrication of the PNC by creating a heterogeneous distribution of SWCNT, 
specifically an interconnected SWCNT-rich phase in epoxy [28]. They compared the 
thermal conductivity of this new PNC to that of SWCNT-PMMA composite. Even 
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though they observed conductivity approximately 3.5 times of the matrix for 2.3 wt %, 
their study was not comprehensive. Merely single weight fraction value was presented 
which does not provide thorough understanding of the method. Xu et al. also used a novel 
technique by mixing unpurified SWCNTs in a PVDF matrix in powder form [29]. They 
could attain quite high nanotube volume fraction of 50% but with only a slight increase in 
thermal conductivity of 230% at 50 °C. High conductive silicone elastomer (1.1 W/mK) 
was used as the matrix with the presence of carbon nanotubes by Liu et al [30]. 
Relatively good nanotube dispersion in the matrix was claimed based on scanning 
electron microscope (SEM) studies and 65% enhancement was observed with 3.8 wt % 
CNT loading at 45 °C. Thermal conductivity of MWCNT-Epoxy composites was studied 
by Song and Youn [31]. Samples loaded up to 1.5 wt % purified and unpurified CNTs 
showed maximum conductivity of 0.26 W/mK and 0.18 W/mK respectively (Kepoxy ~ 
0.12 W/mK). This showed that purified nanotubes have better dispersion in the resin 
resulting in higher thermal conductivity of the PNC. 
All studies concluded that carbon nanotubes improve the thermal conductivity of the 
polymer, even when they were introduced at very small amounts without a percolation 
threshold, below which CNTs have no contribution vis-a-vis electrical conductivity. It 
increases as the CNT loading increases. However considering the SWCNTs' outstanding 
thermal properties (up to 3000 W/mK), the improvement in the thermal conductivity of 
the PNCs is moderate. There are several factors and parameters pertinent to these 
unexpectedly small increases in the thermal properties. 
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Carbon nanotubes might contain large quantities of defects depending on the synthesis 
methods. This means their structure is far from the ideal rolled up hexagonal lattice. Their 
physical properties thus suffer from the presence of defects with thermal, electronic and 
mechanical properties deviating significantly from those expected for pristine nanotubes. 
Another problem relates to the large-scale synthesis of carbon nanotubes, which limits 
their application vastly is the level of nanotube purification. The as-produced (raw) 
SWCNT soot contains impurities to a significant degree. The main impurities in the soot 
are graphite (wrapped up) sheets, amorphous carbon, metal catalyst, and the smaller 
fullerenes. These impurities interfere with most of the desired properties of the SWCNTs 
[27]. 
It should also be pointed out that pristine, isolated SWCNTs can rarely be spotted in 
scanning electron microscope (SEM) images. Due to their great flexibility, high surface 
energy and as high as 1000 aspect ratios, SWCNT tend to aggregate into large bundles, 
agglomerates, and clusters when dispersed in polymers. They contain huge numbers of 
both metallic and semi-conducting SWCNT in a random mixture, whose properties are 
generally inferior to those of isolated SWCNT [14]. To disperse the CNTs in the polymer 
homogeneously, the entanglement of CNTs produced by the synthesis and agglomerates 
of the CNTs caused by the intermolecular van der Waals force must be broken. The 
aggregation problems have been partially solved by using magnetic stirring [32], melt 
mixing [33], [34], and sonication [35], [36] during the CNTs dispersion process. A 
detrimental effect of these methods is the reported rupture of the CNTs, caused by the 
local energy input, resulting in a reduction of the effective tube length [37]. 
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Size, orientation of SWCNTs in polymers, and, especially, the interfacial properties 
between the polymer and the reinforcement filler also have substantial effect in the 
overall thermal behavior of PNC. For SWCNTs, size stands for length (L) and diameter 
(D), thus aspect ratio (L/D). A fundamental understanding of SWCNT-size influence on 
thermal conductivity of PNC is of great importance for the development of more realistic 
models. This is due to the fact that carbon nanotube properties are not solely dependent 
on simple mean of the size parameters, but the entire nanotube length and diameter 
distributions. Thostenson and Chou [38] utilized MWCNT diameter statistical 
distribution functions, in conjunction with a micromechanics model to determine the 
associated elastic properties. Similar work was performed by Wang et al. [39] which used 
statistical distribution of SWCNT length. In this work, multiple atomic force microscope 
(AFM) images were analyzed by using an image recognition software, quantifying 651 
SWCNTs in total. Both studies reported that statistical variation of length and diameter, 
therefore aspect ratio, significantly affects the overall elastic properties of PNC. One can 
expect analogous behavior for thermal properties as well. 
It can be clearly discerned from a recent study on SWCNT-epoxy composites, reported 
by Spanos and Esteva that interface imperfection between the matrix and reinforcement 
has practically no effect on the Young's modulus of PNC [40], especially for low CNT 
volume fractions. On the other hand, many researchers have attributed the unexpectedly 
low increase in thermal conductivity to interfacial thermal resistance at CNT-CNT and 
CNT-matrix interfaces [41], [42]. Huxtable et al. measured the interface thermal 
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conductance, G (Wm~2K_1) of CNTs suspended in a surfactant in water, which is the 
inverse of the thermal resistance, RK (m2K/W) [43]. Their findings indicate that heat 
transfer in a nanotube composite material will be limited by the remarkably small 
interface thermal conductance, G ~ 12 M W m ' f , that corresponds to RK =. 8.3xl0"8 
m2K/W, and that the thermal conductivity of the composite will be much lower than the 
value estimated from the intrinsic thermal conductivity of the nanotubes and their volume 
fraction. Wilson et al. reported that magnitude of thermal resistance between 
nanoparticles and a variety of matrices ranges from 0.77 xlO"8 m2K/W up to 20 xlO"8 
m2K/W [44]. Furthermore, molecular dynamic simulations show that weak van der Walls 
forces acting between the nanotube and the matrix provide poor coupling, and 
consequently the interfacial resistance to heat flow is very significant. Thermal resistance 
value of SWCNT-epoxy interface calculated by Bryning et al. ranged from 2.4±1.3xl0"9 
m2K/W to 2.6±1.3xl0~8 m2K/W [45]. The results were based on measured thermal 
conductivity values for PNC processed differently. These remarkably high values of RK 
lead to effective thermal conductivity of carbon nanotubes varying from as low as 1 
W/mK to as high as 100 W/mK [41]. 
The thermal conductivity of SWCNT reinforced polymer composites is an important 
material property for many applications, but still widely unexplored. However, the 
intrinsic complexity of nanostructures evidently makes them fairly challenging to model 
realistically. The difficulty is mainly due to the morphology of nanotubes, to their size 
and orientation after mixing, to the heterogeneous distribution and bad dispersion of 
nanotubes in the matrix, and to CNT-matrix bonding interactions. Carefully developed 
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realistic modeling techniques are essential for capturing all of these fundamental 
parameters. 
In this context, it is noted that a few techniques for modeling thermal conductivity of 
PNCs have been reported in the literature. Nan et al. modified an approach, first derived 
by Hasselman and Johnson [46], including interface thermal resistance [47], [48]. The 
model takes into account the nanotube length, diameter, concentration and interfacial 
thermal resistance, but since it is an averaging method it fails to capture either CNT 
distribution or dispersion. Lewis and Nielsen [49] extended the theoretical formulation of 
Hamilton and Crosser [50] for heterogeneous two-phase mixtures consisting of a 
continuous (matrix) and a discontinuous (filler) phase. Their method is capable of 
incorporating the effect of particle shape, orientation and distribution characteristics in 
the calculation of the thermal conductivity of the composite. Even thought the ease of use 
of this method makes it quite preferable, its accuracy is questionable and it falls short of 
considering agglomeration and dispersion of the fillers, which are SWCNTs in the case of 
PNCs. Hatta and Taya [51] proposed an equivalent inclusion method for thermal 
conductivity, based on Eshelby's equivalent inclusion method [52]. The method realizes 
multiple ellipsoidal inhomogeneities, their interaction, size and orientation with a 
considerably good accuracy for the case of regular composites. It, nonetheless, does not 
capture the agglomeration and dispersion parameters as well. The effect of agglomeration 
in Young's modulus of carbon nanotubes in PNC, which is directly associated with 
dispersion, was studied by Shi et al. [53]. Their two-parameter model introduces high 
CNT-concentrated spherical inclusions as agglomerations in the matrix which already has 
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well dispersed individual CNTs. They can control the degree of agglomeration by 
changing the volume of spheres and their nanorube volume ratio. However, they define a 
random distribution for both the spherical inclusions and the individual CNTs, which 
accounts for heterogeneous dispersion but not for distribution characteristic. 
There has been no work unifying these methods for solving this inhomogeneity problem 
in steady state heat conduction. In this thesis, an attempt is made to determine the thermal 
conductivity of polymer nanocomposites (PNCs) that comprise polymer matrices 
reinforced with single-walled carbon nanotubes (SWCNTs). The method proposed is a 
Monte Carlo finite element approach (MCFEA) based on the work of Spanos and 
Kontsos, which models the mechanical properties [54]. A number of parameters pertinent 
to the dispersion of SWCNTs in polymers are employed, such as their orientation, aspect 
ratio and diameter, which are deduced from their statistical information. On the other 
hand, spatial distribution of SWCNTs in polymers is implemented by using random fields 
that represent the spatial variations of the local SWCNT volume or weight fraction. Local 
nanorube characteristics can easily be detected from image analysis of PNCs. Therefore, 
the proposed approach depends solely on a small fraction of the actual morphology of the 
filler and its statistical data. Variations of the effective thermal conductivity (Keff) of 
PNCs are presented for different local SWCNT volume fraction distributions. That is, 
Weibull, Log-Normal and Uniform. The proposed model is compared with the 
aforementioned experimental results while taking into consideration the high thermal 
resistivity. Pertinent mathematical, physical and engineering background is also provided 
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to reader a broad perspective on the model established, and the critical parameters that 
affect the thermal conductivity of polymer nanocomposites. 
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Chapter 2 
Identification of Spatial Randomness in PNCs 
Studies that have been reported in the literature showing that experimentally measured 
thermal conductivity of PNC showing only a modest improvement compared to 
analytically and numerically computed ones [27], [29], [55]. These unsatisfactory 
improvements could be attributed to complex nano/micro mechanical characteristic of 
PNC, such as CNT distribution, dispersion, aspect ratio, orientation, agglomeration due to 
van der Walls attraction and high aspect ratio, and CNT-matrix interfacial thermal 
resistance. 
The influence of these factors on the thermal conductivity is yet not utterly understood. 
However, the thermal properties of polymer nanocomposites depend largely on uniform 
distribution and homogeneous dispersion of individual CNTs in the matrix, since 
aggregated CNTs show reduced behavior from individual carbon nanotubes [56], [57]. 
This aggregation can also create voids or damage sites in PNCs, which cause decreases in 
the properties [58]. In addition, this nanoscale spaghetti-like entanglement of nanotubes 
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effectively lessens the aspect ratio of the reinforcement [59]. To achieve homogeneous 
dispersion of SWCNTs in the polymer is, thus, of significant importance, yet not easily 
achieved. Even though there exist certain processes for overcoming bad distribution and 
dispersion issues, their effectiveness is limited and debatable [32], [35], [36], [33], [34]. 
The work in this thesis makes an effort to develop a method that can reliably determine 
the thermal conductivity of polymer nanocomposites with heterogeneous SWCNT 
distribution in the matrix. A unique feature of the proposed Monte Carlo finite element 
approach (MCFEA) is that instead of seeking a solution for an ideal PNC structure vis-a-
vis other suggested models in the literature; the actual morphology of the SWCNTs is 
taken out of images. 
2.1. Definition of Material Volume Element 
In addressing the problem of effective (or overall, macroscopic) properties of material 
micro-structures, the assumption of the existence of a Representative Volume Element 
(RVE) is critical. RVE refers to a sample of the material that structurally has the entire 
characteristics of the mixture on the average. In other words, for a periodic nano/micro 
structure, the RVE must be unit cell. Otherwise, it must be statistically representative of 
the macro response satisfying statistical homogeneity and ergodicity of the material. 
Furthermore, the RVE must contain a sufficient number of inclusions which insure the 
independence of the effective constitutive response (e.g. elastic moduli, thermal 
conductivity) on the scale and boundary conditions. Consequently, the RVE is large 
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enough which respect on the length scale of a single heterogeneity, in which the material 
appears uniform and the continuum methods of analysis can be applied [60], [61], [62]. 
In reality, materials are not homogeneous continua but rather heterogeneous and random 
media, where there is no periodicity and/or uniformity in their structure. In this case the 
quality of the derived results depends strictly on the size of material region (MR) chosen 
as the representative sample of the whole structure. To ensure Hill's condition [60] in the 
case of spatially disordered inclusions having no nano/micro structural periodicity, there 
must be a scale (much) larger than the single heterogeneity size to satisfy homogenization 
limit, such that 
d « L « L m a c r o , ( 1 ) 
where d is the characteristic length of a nano/micro scale heterogeneity, L is mesoscale 
size of the MR, and Lmacro is macroscale body size, shown in Figure 1. As L/d —»•' oo, the 
selected mesoscale approaches to the RVE with deterministic responses. For a finite 
value of L/d, however, the constitutive response of the MR shows a non-zero statistical 
scatter depending on the number, size, shape, orientation, dispersion and spatial 
distribution of the inclusion. The quantity or volume of the inclusions in the MR becomes 
a stochastic quantity whose scatter tends to decrease to zero as the MR size is increased, 
and in the limit of infinite sample size, the quantity becomes deterministic. 
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Figure 1. Length scales in a material with randomly distributed inclusions; size of a macroscopic body 
Lmacro) size of an inclusion d, and a mesoscale window L where material properties are calculated [62]. 
In the proposed MCFEA the attributes of this material region can be summarized under 
two main objectives. First, it is a characteristic sample of the PNC under investigation, 
the structural morphology of which is observed and modeled. Second, the selected MR is 
the domain where a mathematical formulation can be developed to determine the thermal 
conductivity of the polymer nanocomposite. 
Advanced microscopy techniques, such as SEM, are utilized to obtain representative 
MRs, shown in Figure 2. The selected MR is a portion of a cross-section of the actual 
macroscopic PNC. The size of the MR is equal to the size of typical microscopic images 
of the structures of PNC reported in the literature. Images provide direct information on 
morphology, dispersion and distribution of the nanotubes within the representative 
sample, which is then introduced in the MCFEA to investigate the thermal conductivity 
of polymer nanocomposites. The advantage of the proposed MR over other candidate 
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volume elements is that it homogenizes the material structure in two different scales: the 
one defined hy the sub-element material structure in each finite element (FE), and the 
other is specified in the overall MR [63]. 
Polymer Nanocomposite 
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Figure 2. The proposed material region (MR) for determining thermal conductivity of PNC. The selected 
MR corresponds to a portion of a cross-section of the actual PNC and coincides with images obtained by 
microscopy techniques. MCFEA is then applied on the MR [63]. 
2.2. Random Material Property Fields 
Physical properties of materials with heterogeneous microstructure (e.g. particle 
reinforced composites) depend on the production and fabrication procedures. Changes in 
factors such as orientation and volume fraction of fillers, process temperature, pressure 
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and time, voids, impurities etc. induce variations in effective macroscale material 
constitutive properties. This scatter and uncertainties in the material structure and 
properties are considered as random. Various actual images of nano/micro material 
structures are presented in Figure 3, verifying the randomness in geometry, orientation 
and dispersion of inclusions in the base material. Effective use of reinforced composites 
and designing reliable products relies upon an accurate characterization of the inherent 
random nature of a heterogeneous nano/micro structure in materials. Therefore, the 
necessity of establishing statistical and probabilistic based models is evident. This thesis 
focuses on the volumetric randomness of inclusions in a matrix on nanoscale, particularly 
on polymer matrix filled with single-walled carbon nanotubes. 
Traditional methods for characterization of composites with random heterogeneous 
nano/micro structures employ a homogenization or effective properties approach and 
assume that the pertinent parameters are constant. These assumptions can be valid for 
bulk behavior of composite materials, yielding solely average or approximate values of 
the responses (e.g. stress, temperature). To capture the detail of a heterogeneous 
nano/micro structure and to accurately simulate the physical behavior of the composites, 
however, one must account for the variations in the system parameters, such as inclusion 
distribution, dispersion, aspect ratio, orientation, clustering, agglomeration. 
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Figure 3. (a) Microscopic picture of Al-SiC composite [64]. (b) Optical microstructure of Al-2Mg alloy 
with 2.5 wt % FeCu [65]. (c) SEM image of the composite filled with carbon nanotubes [66]. 
Several research studies have incorporated the uncertainties in the composite material 
properties and structures. Fukunaga et al. investigated the effects on the ultimate strength 
of hybrid laminates due to scatter in lamina strength, relative fiber volume fraction and 
stacking sequence [67]. Engelstad and Reddy studied metal matrix composites with 
various probabilistic distributions of constituent properties using Monte Carlo 
simulations [68]. Smith derived a formulation to approximate the failure probability in 
2D composite material with randomly spaced fibers [69]. Roberts and Knackstedt 
developed rigorous bounds for effective properties of model random fields based on 
statistical correlation functions [70]. Povirk employed finite element method to predict 
effective elastic properties of the composite, adopting representative volume elements for 
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periodic microstructures that are statistically similar to more complex random 
microstructure [ 71 ]. 
Another approach to investigate the effect and the influence of nano/micro structure has 
been proposed by Baxter and Graham [72]. Due to the inherent randomness in composite 
microstructure, the characterization requires a significant amount of effort. In their 
method, instead of attempting to reconstruct and to describe a specific random 
microstructure, the material property field was associated with images of the real 
structures. Simulation of the material response was performed directly from this material 
property field. Digital images of the composite were obtained via computer aided 
tomography (CAT) scans which give detailed descriptions of the microstructure. 
Converting the CAT images into numeric data produced 2D material property fields. A 
local micromechanical analysis in conjunction with the moving window technique was 
then carried out to predict the material properties of small areas of images, generating 
spatially varying material property fields. Rather than characterizing the statistics of the 
microstructure, statistics can be generated on these property fields, resulting in 
generalizations potentially valid for classes of microstructure. The presence of a digital 
record nano/micro structure eliminates the requirement of a priori assumptions regarding 
random material properties. The methodology was extended to three dimensions by 
Baxter et al. [73]. Furthermore, material property fields can be consistently developed 
from digital images of real microstructures and can be introduced into finite element 
models using regular grids. Their statistical characterization can provide the basis for 
simulations of additional material samples. In Figure 4 (a), a sample composite 
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microstructure is shown, which was generated numerically by placing circular fibers 
randomly in 2D space following a uniform distribution. Figure 4 (b) shows a finite 
element model constructed for the sample microstructure shown in Figure 4 (a) [74]. It 
can be argued that the simulation is comparable to the actual image shown in Figure 3 
(a). Three sequences of uniformly distributed random numbers were generated to 
simulate a digitized image of a particulate microstructure which is demonstrated in Figure 
5 [73]. 
Experimental and characterization of polymer nanocomposites (PNCs) provide evidence 
of the existence of heterogeneities in the PNC structure, e.g. SWCNT bundles, clusters, 
agglomeration. They induce certain spatial randomness which has not been taken into 
account in previous studies for determining the thermal conductivity of PNCs. The 
MCFEA developed in this thesis aims to model the SWCNT distribution in PNC using 
information taken from the actual images of its nanostructure. The statistical data 
obtained are used to develop an appropriate random field model which is then 
incorporated in a finite element model. 
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Figure 4. (a) Left - Cross section of a numerically generated unidirectional composite microstructure 
(white areas are fibers, dark represents matrix), (b) Right - Loading and boundary conditions on finite 
element model [74]. 
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Figure 5. Orthogonal cross-sections of simulated microstructure. Black is aluminum matrix, white dots 
correspond to silicon carbide particles [73]. 
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2.3. Characterization of Randomness in PNCs 
Successful application of the random field models into the proposed MCFEA depends on 
quantification of the spatial randomness in PNCs. In this context, identification of 
SWCNT distribution, dispersion and orientation in polymer is of critical importance. 
Current fabrication and processing techniques can moderately ensure a homogeneous 
distribution with almost perfectly randomly oriented SWCNTs [32], [35], [36], [33], [34]. 
However, their homogeneous dispersion in the polymer matrix is not easily achieved and 
its effects on the thermal conductivity of PNCs are unknown to a great extent. To 
pragmatically simulate the physical properties of the CNT-filled composites, it is 
necessary to understand the effect of CNTs dispersion. It is thereby the aim of this thesis 
to model the non-uniform dispersion and distribution of SWCNTs in a polymer 
nanocomposite using the data extracted from the actual nanostructure images, which is 
then used to define appropriate random field models. 
Morphology and characterization studies of SWCNTs in PNCs reveal that the lack in 
spatial dispersion is caused by clustering, agglomeration and bundling of SWCNTs due 
to their high aspect ratios and surface energies. On the other hand, the level of the 
distribution is solely dependent on the fabrication of PNCs. Samplers of good-poor 
distribution and dispersion are shown in Figure 6. Analyses of actual images also display 
similar visualization. Figure 7 (a) is SEM image of SWCNTs in epoxy matrix where 
individual and entangled SWCNTs can clearly be identified representing both a poor 
distribution and dispersion [75]. Figure 7 (b) provides evidence of a good distribution and 
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of relatively better dispersion; agglomerations of SWCNTs can, nonetheless, be detected 
in the polymer. One can notice the random local volume fractions and concentrations due 
to poor nanotube distribution, along with CNT clustering. 
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Figure 6. (a) Good distribution, good dispersion, (b) Good distribution, poor dispersion, (c) Poor 
distribution, good dispersion, (d) Poor distribution, poor dispersion. 
Figure 7. SEM images of PNC with 1 wt % SWCNT dispersed in epoxy, (a) poor distribution and poor 
dispersion, (b) good distribution and poor dispersion [75]. 
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Such variations of the SWCNT volume fraction throughout the nanostructure affect the 
local material properties and thus overall thermal behavior of PNC [31], [76]. The 
proposed approach in this thesis uses statistical information obtained via actual images of 
random material fields. It is then used to generate random values of volume fraction 
which are assigned to the finite elements in the material region (MR) selected. Obviously, 
it is necessary to quantify this spatial distribution and dispersion of SWCNTs in the 
polymer. 
Several studies have been performed for quantification and characterization of carbon 
nanotubes in a matrix. A quite useful study was done by Ziegler et al. [77]. They 
conducted a length and size analysis for over a thousand nanotubes. High quality AFM 
images were taken and the nanotubes were measured using the Nanotube Length 
Analysis package of SIMAGIS software (Figure 8). The program is capable of 
recognizing the SWCNTs in the image and tracing their lengths, simultaneously 
obtaining an average height as well. Histograms of individual and roped SWCNT length 
and diameter, and of particle diameter were created, with appropriate distribution 
functions fitted. Using their results, one can readily quantify the nanotube volume ratio 
locally and globally. While Ziegler and his group have not reported any agglomeration, a 
number of studies have indicated the presence of clusters of SWCNT. Figure 9 (a) 
represents an SEM image of SWCNTs as individuals and in form of agglomerations [78]. 
In Figure 9 (b), a transmission electron microscope (TEM) image of CNT-polymer 
composite, taken by Seidel and Lagoudas., is shown [79]. The image depicts the 
clustering of SWCNTs in the matrix. In both images, nanotubes exhibit moderately good 
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distribution, yet a poor dispersion. Li et al. discovered the existence of SWCNT 
aggregates on fracture surface of PNC loaded with as low as 1 % of nanotubes in weight 
[59]. 
(a) CO H-V N 
I \un Vttm 
Figure 8. (a) AFM image of CNTs dispersed on a mica substrate, (b) CNTs measured by SIMAGIS image 
analyzer. Individual nanotubes are designated by a green color while the nanotube ropes are shown in 
black. Particles are also shown in red [77]. 
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Figure 9. (a) Left - SEM image of SWCNTs (bright is individual or aggregate of CNTs) [78]. (b) Right -
TEM image of SWCNTs (Dark regions are CNTs) [79]. 
26 
Kashiwagi and his co-workers followed a rather unique approach for characterization of 
nanotube dispersion. They prepared 0.5 % wt SWCNT filled PMMA samples and the 
distribution of the SWCNTs in PNC was examined by optical microscopy to capture the 
global dispersion of the nanotubes. (Figure 10, Main Image) [76]. A laser scanning 
confocal microscope (SCM) was used to image the SWCNTs in the PMMA matrix over 
100 images to obtain spatial statistics. Then, they reconstructed three-dimensional images 
using the data obtained (Figure 10 a-d) [80]. The optical images revealed regions of 
nanotube aggregation; the darker the region, the more nanotubes it contains. Figure 10 
(a)-(d) were reconstructed with same SWCNT content, but with different dispersion 
characteristics. These images show SWNT bundles and agglomerates; transparent areas 
correspond to the polymer. Figure 10 (d) shows the highest agglomeration ratio with 
numerous large agglomerates. 
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Figure 10. Main Image; Optical micrograph of 0.5 % wt SWCNT filled PMMA. Images (a) to (d); 3D 
reconstructed images of SWCNT-PMMA composite with increasing nanotube dispersion. Reconstructed 
from [76], [80]. 
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As can be seen in Figure 10, carbon nanotubes are found to be distributed and dispersed 
in a rather random fashion, which causes random variation in local nanotube 
concentrations. The MCFEA developed in this paper is based on such local non-uniform 
SWCNT contents in the polymer which result in variations in local thermal conductivity 
of the nanocomposite. Spatial statistics of the nanotube contents are then generated and 
assigned randomly to the finite elements (FEs) (Figure 11). 
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Figure 11. Local SWCNT concentrations in the actual image of a PNC, selected as material region, are 
assigned randomly to finite elements. 
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Chapter 3 
Effective Thermal Conductivity of Polymer 
Nanocomposites 
Large aspect ratios of single-walled carbon nanotubes in combination with their 
atomically smooth surfaces cause them to form agglomerates, bundles and clusters in 
polymers during manufacturing of PNCs as discussed in Chapter 2. These entanglements 
and mixing procedure result in poor dispersion and distribution of SWCNTs within the 
matrix, which turn PNC into heterogeneous random media. Chapter 2 also discusses how 
such randomness at the nanoscale can be quantified and fed into the proposed MCFEA to 
determine the thermal conductivity of PNCs at microscale. This thesis takes advantage of 
a homogenization technique to address the challenges in transition from the nanoscale to 
the microscale. 
In this context, a micromechanics approach is adopted in the proposed approach to model 
the effective thermal conductivity of CNT-reinforced composites. In this technique, 
actual heterogeneous material structure, which consists of multiple phases, is replaced by 
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an equivalent homogeneous one with appropriate properties. The property of a composite 
calculated by homogenization is called the effective property, to distinguish it from those 
of the reinforcing fillers and that of the matrix. The MCFEA developed here 
approximates the SWCNTs as ellipsoidal inclusions and computes the values for the local 
thermal conductivity of PNC at microscale with the equivalent inclusion method. Thus, 
these local values are introduced into the Monte Carlo finite element scheme to determine 
the overall effective thermal conductivity of the polymer nanocomposite. In the 
micromechanics modeling it is assumed that SWCNTs are straight with certain aspect 
ratios and with no defects. PNC contains merely SWCNTs without any residual particles 
created in nanotube synthesis. Perfect contact between the constituents is also assumed. 
The analytical micromechanics technique is based on the modified Eshelby's equivalent 
inclusion method, first developed by Hatta and Taya [51], [81]. The essence of this 
modified method is that the domain includes an infinite number of ellipsoidal 
inhomogeneities and takes into account the interaction between them. In the proposed 
approach, the matrix is taken to contain randomly distributed individual SWCNTs as 
ellipsoidal inclusions. The effects of the random distribution of SWCNTs due to 
nanotube characteristics, matrix-nanotube interaction and fabrication procedures on the 
thermal conductivity of PNC can then be determined. 
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3.1. Eshelby's Equivalent Inclusion Method for Thermal Conductivity 
The analytical model described in this section is used to predict the effective thermal 
conductivity of a composite containing a matrix and a single ellipsoidal inhomogeneity, 
first developed by Eshelby [52] and known as Eshelby's equivalent inclusion method, 
then extended by Hatta and Taya to heat conduction problems [51]. 
Consider a single ellipsoidal inhomogeneity (domain Q) with thermal conductivity KfStj 
embedded in an infinite homogeneous body D with thermal conductivity KmS:j under 
uniform heat flux q° applied at far field as shown in Figure 12 (a), where StJ is the 
Kronecker's delta. Both the fiber and the matrix are assumed to be isotropic and perfectly 
bonded. Since the inclusion and the matrix have different thermal conductivities, the heat 
flux in the neighborhood of the inclusion will be distorted. 
Figure 12. Theoretical Model, (a) Actual heterogeneous composite body D with a matrix and an ellipsoidal 
inclusion phase, (b) Homogenization of (a) by equivalent inclusion method [82]. 
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Homogenization is done by introducing an equivalent inclusion Q. which has the same 
thermal conductivity as that of the matrix and a uniform doublet distribution of strength 
Dj as illustrated in Figure 12 (b), so that the total domain is treated as a homogeneous 
material. The equivalence between the actual inhomogeneity and fictitious equivalent 
inclusion in domain Q., then, can be expressed in the form 
KfSij{T,)+T;j) = KmSij{T,)+T;j-T;j), ( 2 ) 
where the comma followed byy denotes partial spatial derivative d/dxj, the left-hand 
side equation represents the heat flux of the actual inhomogeneity (Figure 12 (a)) and the 
right-hand side is for the equivalent inclusion (Figure 12 (b)). The symbol T,° denotes 
the uniform thermal gradient, and is related to the far-field applied heat flux, q°, by the 
equation 
T° = -q°/Km. ( 3 ) 
In equation ( 2 ), T,Cj is the thermal gradient disturbed by the existence of the 
inhomogeneity, and T*} is known as "eigen thermal gradient" introduced by Lai [83]. 
The quantity 7\*, is proportional to the strength of the uniformly distributed doublet, has 
a constant value within domain Q, but is zero outside. Analogous to well known 
Eshelby's elasticity problem [52], in the case that the matrix is infinitely extended and 
contains a single inclusion which has an ellipsoidal shape, the relation between T,Cj and 
T* is expressed as 
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7.5 = W , (4) 
where SVis called "5" tensor and dependent solely on the shape of the ellipsoidal 
inhomogeneity, analogous to the Eshelby's tensor. Explicit expressions of Sy for certain 
shapes of inclusions are given in Appendix A. 
3.2. Equivalent Inclusion Method for Multiple Inhomogeneities 
When multiple ellipsoidal inhomogeneities are present in the body, the interaction among 
them becomes important. In this section, the formulation in the previous section for 
single inclusion is extended to multiple inclusions with thermal conductivities KfSy in a 
matrix (D - Q) of conductivity KmSy, under constant heat flux qf (Figure 13(a)). Again, 
they are assumed to be perfectly bonded and isotropic. To take into account the 
interaction among fillers, the average disturbance of the temperature gradient in the 
matrix (so called "interaction term") due to the presence of all of the inhomogeneities, 
T,j is introduced. It is defined as 
. Vr-LAi-1".!)*- <5) 
D-Q. 
where T' is the total (actual) temperature and VD_a is the volume of the matrix. 
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• ( a ) • . 
Figure 13. (a) A theoretical model for multiple inhomogeneities embedded in the matrix, (b) Relationship 
between the local (Xj') and global coordinate system (Xj) [51]. 
Next, applying the equivalent inclusion method to a representative fiber yields 
q°+qi=KfSiJ(T°+f,j+T^) = KmSi(T° + f,j+Tt-T^), ( 6 ) 
where qi is the disturbance of the heat flux due to a representative inhomogeneity, which 
vanishes when integrated over the entire composite domain D, That is, 
J>fr = o. ( 7 ) 
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Combining equations ( 5 ) and ( 7 ) , the interaction term f,t can be obtained as 
T^-UiTt-T^dv, (8) 
'D 
where VD is the volume of the entire composite domain D. 
In the case of three dimensionally misoriented inclusion phases, the composite body is set 
on the global coordinates x)? xj and X3 and the orientation of a single inclusion is defined 
by angles 9 and <j> as shown in Figure 13 (b). The local coordinates of this inclusion are 
denoted by xf, X2' and X3', where X3' coincides with the longitudinal axis of the 
inclusion. Then, the equivalent inclusion method for that single fiber in local coordinates 
yields 
^ ' + 9 / = ^ ( r , ; , + f , / + T - ) = ^ "^(r,;,+f,/+r,;'-7',*'), (9) 
and 
T^ = SyT^, ( 10 ) 
where the entities with primes refer to the ones in local coordinate system. Due to the fact 
that the single fiber considered here is a representative fiber in the composite, equations 
( 9 ) and ( 10 ) are applicable to any fiber in the matrix. Therefore, equations ( 9 ) and 
(10) can be recast in the form 
36 
T;i' = (Km-Kf)SijA:UT,V+T,k'), (11) 
where A J is the inverse of Ajk, given by the equation 
Ajk=(Kf-K"')SjlSlk+K"'Sjk. (12) 
Substituting equation (10 ) into (11 ) yields 
\(T 0 l T< -=stj (Km - K> )sJk A;;(T» •+ r„ •) (13 ) 
Furthermore, the quantities in the local coordinate system need to be transformed into the 
composite's coordinate system (global). Assume yi' and y; are vectors in local and global 
axes, respectively. A transformation matrix is then introduced to map yC to yj, such that 
y^^y/, (14 ) 
where the coordinate transformation matrix X. is given as 
x
u = 
cos 6 cos <j> - s in^ sin 6 cos < 
cos 9 sin <j> cos^ sin 6 sin $ 
-s in# 0 cos# 
(15) 
Thus, T,* and T,] can be expressed as 
T,* = Xij(K"> -Kf)SJk AJXZP,0. + f,„), (16 ) 
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and 
T^X.S^K-'-K^^X-^T^t^), ( 17 ) 
respectively, where X^ is the inverse of Xln. The interaction term 71,., then can be 
evaluated by substituting equations ( 16 ) and ( 17 ) into equation ( 8 ), which eventually 
yields the solutions for T* and 7\?. 
Therefore, the effective thermal conductivity, Ky, of the representative volume element 
which is the composite body in this case, can be found by the equation 
V
 D 
where 
D 
T,^r,^r,^fv = r,;+^r,}-^j;(^-r,;)«fv, (20) 
D 
^X'JfJjv*"- (21) 
and 
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In equation ( 18 ), T' is the total (actual) temperature, and ( ) denotes averaging over all 
possible orientations. In equations (21 ) and ( 22 ), / is the volume fraction of the 
fibers. Derivations of the equations (18 ) and (19 ) are given in Appendix B. 
Therefore, based on equations ( 18 ) to ( 22 ) it can be concluded that to determine the 
effective thermal conductivity of the two-phase composite using equivalent inclusion 
method, one needs the thermal conductivity of the phases, the volume fraction of the 
inclusion, and "5" tensor which is based on fiber aspect ratio. 
The proposed MCFEA employs the equivalent inclusion method in each finite element in 
the mesh. Each finite element contains certain amount of SWCNTs quantified by 
SWCNT volume fraction, which is assigned randomly based on a chosen volume fraction 
distribution, analyzed in sections 2.2 and 2.3. The PNC is considered to consist of a 
polymer, individual SWCNTs and agglomerations of SWCNTs as spherical inclusions 
which are composed of polymer and SWCNT with specific volume fraction. The 
equivalent inclusion approach in the MCFEA computes the thermal conductivity of the 
matrix composing of straight, randomly oriented, and perfectly bonded SWCNTs and 
polymer. The values for the thermal conductivity of the polymer, single-walled carbon 
nanotube and nanotube aspect ratio are determined based on experimental evidence, 
which will be discussed later in this chapter. 
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3.3. Statistical Representation of CNT Length and Diameter 
Distribution 
It has been shown in section 2.3 of this thesis that spatial distribution of the SWCNTs, 
i.e., volume fraction has a great influence on the thermal properties of PNC. Statistical 
representation of that random nanostructure can then be established from the 
experimental images. Analyses from the actual images also report that nanotubes in a 
polymer exist in varying length and diameters as a result of CNT synthesis and PNC 
manufacturing [39], [77], [84], [78]. It is, therefore, necessary to have a quantitative 
description of the SWCNT shape statistical information and to incorporate this 
information into nanocomposite modeling. To this extent, Wang et al. made an attempt 
for accurate measurement and statistical characterization of the nanotube lengths [39]. 
They quantified a large population of nanotubes dispersed in water. The Atomic Force 
Microscope (AFM) was used to image SWCNT dispersion and lengths were 
automatically traced and measured with the aid of the SIMAGIS software package 
(Figure 14). The quantified nanotube lengths extracted from software analysis were 
plotted into a histogram, and a specific statistical distribution was fit. It was found to be a 
Weibull distribution. Figure 15 shows the length histogram obtained from the 
characterization of 651 SWCNTs, and Weibull fit with shape and scale parameters, L=2.4 
and k= 162, respectively. 
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Figure 14. Measurement of SWCNT lengths, (a) AFM image, (b) Identified SWCNTs via SIMAGIS 
software [39]. 
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Figure IS. Reproduced histogram of dispersed SWCNT lengths with Weibull distribution fit. 
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A more extensive study was performed by Ziegler et al. [77]. They adopted an identical 
approach to analyze not solely nanotube lengths but nanotube diameters, as well. 
Statistically accurate length and diameter measurements of nanotubes were acquired by 
SIMAGIS image analysis program (Figure 16). After characterization of multiple AFM 
images of samples, nanotubes with lengths between 30 and 750 nanometers (nm), and 
with diameters between 0.5 and 2 nm were considered to be individual SWCNTs. 
Histogram of individual SWCNT lengths was plotted and fit with a lognormal 
distribution with a meari of 170 nm and a standard deviation of 118 nm, as demonstrated 
in Figure 17 (a) [77]. Using the statistical information provided by these authors, 
histogram is regenerated in this thesis, conforming with the actual data, and the 
MATLAB command dfittool was utilized to corroborate that the reproduced data in fact 
belong to a lognormal distribution, as depicted in Figure 17 (b). 
.!*L 
1 nm 
Figure 16. (a) AFM image of nanotubes dispersed on a mica substrate, (b) Nanotubes measured using 
SIMAGIS image analysis package. Green colored ones are individual SWCNTs [77]. 
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Figure 17. (a) Actual histogram of SWCNT lengths obtained from the AFM image shown in Figure 16 and 
lognormal fit [77]. (b )Digitally generated histogram of SWCNT lengths compared to the reported PDF. 
Note that, Ziegler and his co-workers merely provided the histogram of SWCNT 
diameters. It is thus necessary to acquire the statistical distribution representing the 
diameter data to incorporate this information in the proposed MCFEA. To this end, a 
diameter histogram is generated and fed into MATLAB; employing the dfittool command 
the lognormal distribution is selected to fit best the actual diameter data, which has a 
mean of 1.09 nm and a standard deviation of 0.3755 (Figure 18). 
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Figure 18. (a) Actual histogram of SWCNT diameters obtained from the AFM image shown in Figure 16 
[77]. (b) Digitally generated histogram of SWCNT diameters and lognormal distribution fit. 
The approach developed herein for determining the thermal conductivity of PNC 
employs Monte Carlo (MC) approach to integrate randomness in inclusions and 
generating random numbers is critical for producing realizations for MC method. 
Random numbers as random variable (RV) are generated based on a specified statistical 
distribution described in terms of the probability density function (PDF). The desired 
PDF of a RV can be produced from the inverse of its corresponding cumulative 
distribution function (CDF), which is called the inverse-transform method [85]. However, 
one must note that the inverse of CDF must be available so as to use the inverse-
transform method. 
After deciding on the PDF ( / (* ) ) of the random variable, its CDF (F (JC)) and the 
inverse of the CDF (F~l(x)) is found. Given a random number ui drawn from the 
uniform distribution in the interval (0,1), then the number generated can be obtain as 
x, =F"'(w /). For instance, to incorporate the SWCNT diameter distribution given in 
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Figure 18 (b) into the proposed MCFEA, one must be able to generate random values of 
diameter that belong to a lognormal distribution. The PDF of a lognormal random 
variable x is given by the equation 
1 Qnx-p)
2 
f{x) = ——e ^ , ( 23 ) 
X<JyJ27T 
where fj. and a are the mean and standard deviation of the variable's natural logarithm, 
respectively and by definition, the variable's logarithm is normally distributed. 
Integration of the PDF gives the CDF and has the form 
1 1 \\nx-fi 
F(x) = - + -erf j±-
2 2 W 2 
where erf is the error function, defined as 
(24) 
2 r ' ' • 
erf(x) = -j= \e ' dt. ( 25 ) 
In equation ( 24 ), // and a can be obtained from the relationships of the expected value, 
mean, and the variance, square of standard deviation, of a lognormally distributed 
variable, X Specifically, 
E(X) = efi+a ' V (26) 
and 
Var(X) = (ea -l)e2fJ+a . ( 27 ) 
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Furthermore, the expression for the random variable x can be given in terms of a 
uniformly distributed random variable u as 
x•_ eH+aflerf-\lu-\) ( 2 8 ) 
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Chapter 4 
Monte Carlo Finite Element Approach 
This part of the thesis presents the Monte Carlo finite element approach (MCFEA) for 
determining the thermal conductivity of polymer nanocomposites (PNCs). The PNCs 
considered here are composed of a polymer with poor conductivity and single-walled 
carbon nanotubes (SWCNTs) as reinforcing fillers. Various models and techniques are 
utilized in the pursuit of capturing the thermal conductivity of PNC as realistic as 
possible, ranging from the nanoscale to the microscale. 
Chapter 2 of this paper provides inside to the uncertainties present inherently in the 
nanostructure of the PNC. The random nature of the heterogeneous media has been 
characterized in terms of distribution and dispersion of the carbon nanotubes. It has been 
concluded that volume fraction of the SWCNTs in the polymer matrix can be treated as a 
random field which quantifies the spatial randomness of the nanotubes dispersed in 
polymers. The random fields are then discretized as random variables that have specific 
probability density functions (PDFs). The selection of an appropriate statistical 
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distribution is obviously critical. In this context, a number of PDF are used to define 
volume fractions of the SWGNTs in the proposed model, including Weibull, lognormal 
and uniform distributions given, respectively, by the expressions 
/ ( * ) = 4 ( T ] e^'L)k,forx>0, ( 29 ) 
L\L) 
f(x) = —.e 2CT2 ,forx>0, ( 30 ) 
xcr^Jln 
and 
f{x) = -^—,fora<x<b. ( 31 ) 
b-a 
In equation ( 29 ), the k and L values represent Weibull parameters; in equation ( 30 ), ju 
and a are the mean and standard deviation of the variable's natural logarithm, 
respectively; and the values a and b are the two boundaries of the uniform distribution in 
equation ( 31 ). The mean values in all distributions are always set to equal to the global 
SWCNT volume fraction value of the nanocomposite. The standard deviations in the 
PDFs are selected so that no SWCNT volume fraction value can be negative or greater 
than 0.8 conforming with the manufacturing constraints of the PNC. 
The polymer nanocomposites are, in essence, manufactured by mixing nanotubes in a 
polymer matrix. In this process nanotubes are first quantified by their weight percentage. 
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Volume fraction is subsequently calculated by converting the weight fraction wf to 
volume fraction vf, as given in equation ( 32 ) [86]. 
Vf=~ n x ' < 3 2 > 
where the indices "p" and "NT" denote polymer and nanotube, respectively, while p is 
the mass density. In the open literature, while most researchers report the nanotube 
volume fraction value, a number of studies present the nanotube content as the weight 
percentage. However, wf is not sufficient to calculate vf values; one also needs the CNT 
mass density, which is defined by the total mass of carbon atoms in the nanotube. 
Therefore, the SWCNT density can be determined by the equation 
4NMW 
where Mw is the atomic weight of carbon,^ is the Avagadro's number, d is the 
diameter of the SWCNT, and N is the number of the carbon atoms per unit length given 
by the equation 
N=4jn2+nm + m^ ( 3 4 ) 
3b 
In equation ( 34 ) b is the bond length between two carbon atoms, which is equal to 0.142 
ran in case of SWCNT, and the parameters n and m denote the chiral vector of the 
SWCNT [86]. SWCNT mass density as a function of its diameter is shown in Figure 19. 
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Figure 19. Variation of SWCNT density as a function of diameter. Reproduced from [86]. 
In the cases where merely wf is provided, the proposed MCFEA considers the reported 
weight fraction value as the mean value for the statistical distribution. Thus, the volume 
fraction distribution is computed using the weight fraction distribution in conjunction 
with the SWCNT diameter distribution as presented in section 3.3. 
The approach proposed in this thesis for determining the thermal conductivity of polymer 
nanocomposite employs 'Stochastic Finite Element Method' (SFEM). This is a 
fundamentally deterministic finite element method that incorporates the inherent 
randomness in nanostructure such as nanotube distribution, shape, size, orientation, with 
the description of corresponding random fields. Among the SFEM methods available in 
the literature to compute the response of the random media, the Monte Carlo (MC) 
simulation technique is adopted in the proposed model due to certain advantages. 
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Monte Carlo simulation methods are extensively used to solve a broad class of problems 
in probabilistic studies. The main advantage of the MC method is that as long as 
deterministic solution is obtainable, either analytically or numerically, the formulation 
remains unchanged during the MC simulation. However, the drawback is its considerable 
computational cost when a high level of accuracy is pursued. 
The MC analysis used in the proposed approach addresses the heterogeneous random 
media in the nanocomposites as the spatial distribution of the SWCNT in a polymer. 
Random vector sets for local SWCNT volume fractions are generated through the random 
fields selected which correspond to the uncertainties in the PNC. Each random vector 
represents one realization, whose values subsequently are assigned to the finite elements 
of the two dimensional FE model, demonstrated in Figure 20. Furthermore, the effective 
thermal conductivity of each FE in the proposed model is captured by the equivalent 
inclusion method for homogenization, as discussed in section 3.2. 
The finite element analysis (FEA) performed in the MCFEA is a two dimensional model, 
that is the out-of-plane dimension is considerably thinner than the other two dimensions. 
In particular, a plate is assumed to have in-plane dimensions of 1 unit and a thickness of 
0.01 unit. To sustain one dimensional heat transfer, isolations are applied to the side walls 
of the plate and temperature difference between the top and the bottom boundary is 
assumed to be equal to 100 Kelvin (°K) in the FEA. 
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Figure 20. The finite element scheme used in the MCFEA to determine the effective thermal conductivity 
of PNC. 
To obtain the statistics of the effective thermal conductivity of the polymer 
nanocomposites using the proposed model, numerous realizations of the SWCNT volume 
fraction distribution are generated. FEA is employed to compute the overall thermal 
conductivity of the two dimensional problem for each realization of the random field. 
Collection of the results produced by the MCFEA subsequently reveals the mean value 
and the standard deviation of the overall effective thermal conductivity of the PNC. 
Figure 21 shows a random vector sample of the local SWCNT volume fractions used in 
the proposed approach, along with a realization of the nanotube volume fraction random 
field. The histogram of 400 values (20x20 grid) is generated based on Weibull 
distribution with mean vf of 0.2. For each v / realization, the local thermal conductivities 
are computed by the FE approach described in Figure 20. Figure 22 shows a sample 
histogram of the local thermal conductivities together with a lognormal probability 
density function fitted by using MATLAB dfittool command. It also shows a sample of 
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the spatial variation of the local thermal conductivities determined by the proposed 
MCFEA for 20 by 20 meshed grid. 
Local SWCNT Volume Fraction 
Figure 21. A histogram and a sample spatial variation of the local SWCNT volume fractions of 400 values, 
based on Weibull distribution, with a mean value of 0.2. 
Histogram of Local Thermal Conductivities S a m P l e s P a t i a ' Variation of Local Thermal Conductivities 
for20x20FEMesh --. . , , - - T - _ 
Figure 22. A histogram and a sample realization of the local thermal conductivity random field generated 
by the proposed MCFEA employing the corresponding SWCNT volume fraction values in Figure 21. 
In the subsequent sections, the Monte Carlo finite element approach (MCFEA) developed 
in previous chapter is employed to determine the effective thermal conductivity (Keff) of 
the polymer nanocomposites (PNCs). First, parametric studies are carried out to capture 
influence of the parameters used in the proposed model on thermal conductivity while 
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certain parameters are kept constant, others are altered. Second, model simulations are 
performed with configured parameters to investigate the accuracy of the MCFEA and the 
results are compared with experimentally measured values reported in the literature. The 
comparisons are to provide insight to the ability of the model, developed in this thesis, to 
capture the thermal conductivity of the nanocomposites. 
4.1. Management of Modeling Parameters 
The PNC used in the simulations are considered to be composed of isotropic SWCNTs 
and epoxy matrix with thermal conductivities of 2000 W/mK and 0.188 W/raK at room 
temperature, respectively [87], [28]. The number of MC realizations is kept at 500, which 
provides good accuracy with reasonable computation time. Based on the statistical 
information reported in the literature, mean value of the ratio of the nanotube length to its 
diameter, aspect ratio (L/D), is chosen to be 150 [84], [77]. Results are presented with the 
intension of capturing the influence of the each parameter involved in the proposed 
model, and of the nanotube volume fraction obtained from various statistical distributions 
on the effective thermal conductivity of the PNC. Figure 23 and Figure 24 show 
examples of PDFs of Weibull, lognormal and uniform distributions based on equations 
( 29 ), ( 30 ) and ( 31 ), for mean volume fractions 0.1 and 0.2 respectively. The 
distributions have comparable standard deviations for each mean value which allow them 
to have SWCNT volume fraction value of 0.8. Figure 25 illustrates.the sample Weibull 
distributions used in the proposed model for a variety of SWCNT volume fractions, i.e. 
0.1, 0.2, 0.3 and 0.4. 
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Figure 23. SWCNT volume fraction distributions produced by Weibull, LogNormal and Uniform 
distributions with mean value, 0.1 and comparable standard deviations. 
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Figure 24. SWCNT volume fraction distributions produced by Weibull, LogNormal and Uniform 
distributions with mean value, 0.2 and comparable standard deviations. 
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Figure 25. Weilbull distributions for different SWCNT mean volume fraction values in an increasing 
fashion. 
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In computational modeling one of the most important matters to be considered is the 
feasibility. That is, obtaining the best accuracy in the shortest time. Therefore, first an 
attempt is made to observe the most appropriate number of Monte Carlo realizations to 
run the simulations. In Figure 26, the variation of the effective thermal conductivity of 
PNC is plotted versus the MC samples number, ranging from 100 to 2000, for volume 
fraction of 0.2. It can be seen that after 500 realizations, the graph converges to a constant 
value. It is, thus, decided on using 500 MC realizations in the MCFEA developed in this 
thesis for preserving computational time. 
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Figure 26. Variation of the effective thermal conductivity of PNC w.r.t. number of Monte Carlo samples. 
Similarly, the number of finite elements used in the 2D FE model has a significant effect 
on the accuracy and the time, as well. To determine the most suitable mesh size, 
simulations were run for a number of material region divisions ranging from 2x2 to 
30x30. Figure 27 provides the results obtained for the effective thermal conductivity with 
its one o bounds, for the volume fraction of 0.2 with 500 MC samples. The plot suggests 
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that reasonable accuracy can be achieved at 20x20 mesh size (400 finite elements). 
Therefore, the following PNC thermal conductivity analysis performed by MCFEA using 
500 Monte Carlo realizations and 400 finite elements, with nanotube aspect ratio of 150 
as mentioned earlier. 
Number of Finite Element Variation 
for vf = 0.2 
80 
70 
60 
2" 50 
E 
i. 4° 
J 30 
20 
10 
0 
' 
I_ 
V ! 
X 
, . , 
- • - One Sigma Upper Bound 
-*-MCFEM 
- * - One Sigma Lower Bound 
JL^kJ-:;--*.-. 
„ -^±-<rr*r~*7: 
^ f -I : 
1
 ' 
- ' l ' " i ' i 
- A - * - ' ' 
• ! 
- 1- J 
3 1 1 - '<—.—1 
0 100 200 300 400 500 600 700 800 900 
Number of Finite Elements 
Figure 27. Variation of the effective thermal conductivity of PNC w.r.t. the number of finite elements, 
computed by the MCFEA, with the plus and minus one standard deviation, based on Weibull NT vf 
distribution. 
The effective thermal conductivity of polymer nanocomposites is computed by the 
proposed MCFEA for a range of local SWCNT distributions, such as the ones shown in 
Figure 23 and Figure 24. A comparison of the distributions developed based on the 
selected random fields and regular random Hatta-Taya model is shown in Figure 28. The 
results are plotted as a function of volume fraction up to 40% content for the sake of 
keeping the simulations within realistic limits. One can deduce from the graph that the 
results produced by the MCFEA are considerably lower than the one computed by the 
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Hatta-Taya model, especially at low volume fraction values. Examining closely, the value 
obtained by the model with Weibull distribution is found to be less than half of what 
random Hatta-Taya gives for 5% nanotube volume content. 
Figure 28. Effective thermal conductivity of PNC versus SWCNT volume fraction produced from 
Uniform, LogNormal and Weibull distributions and with Hatta-Taya model. 
Figure 29 shows the variation of the effective thermal conductivity of PNC w.r.t. 
SWCNT volume fraction, determined by the MCFEA with upper and lower bounds 
compared to the Hatta-Taya model, for the Weibull distribution. This gives corroborating 
evidence of the influence of the randomness on the thermal conductivity of PNCs, and 
shows that even a complex micromechanics model, such as the Hatta-Taya alone, cannot 
predict conclusively the values determined by experiments. 
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Figure 29. Variation of the effective thermal conductivity of PNC w.r.t. SWCNT volume fraction, 
determined by the MCFEA with upper and lower bounds compared to Hatta-Taya model, for Weibull, 
distribution. 
The proposed model is also used to investigate how the aspect ratio of the single-walled 
carbon nanotubes affects the effective thermal conductivity of a PNC. Variation of the 
results computed with the Weibull distribution for the aspect ratio values ranging from 50 
to 2000 are presented in Figure 30. It can be seen that the curve becomes flat after the 
value 2000, after which SWCNTs can be considered infinitely long. However, as 
mentioned previously, simulations are carried out for an aspect ratio value of 150 so as to 
conform with the experimental studies [84], [77]. Similarly, variations of effective 
thermal conductivity of PNC as a function of thermal conductivity of matrix and SWCNT 
are also investigated as shown in Figure 31 and Figure 32, respectively. 
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Figure 30. Variation of the effective thermal conductivity of PNC w.r.t. aspect ratio (L/D) of SWCNTs, 
with upper and lower sigma bounds. 
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Figure 31. Variation of effective thermal conductivity of PNC w.r.t. thermal conductivity of matrix. 
Weibull NT vf distribution was employed. 
60 
SWCNT Thermal Conductivity Variation 
for vf =0.2, Km =0.188 (W/mK) 
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Figure 32. Variation of effective thermal conductivity of PNC w.r.t. thermal conductivity of SWCNT. 
Weibull NT Vf distribution was employed. 
4.2. Experimental Data Comparison 
To realize the level of quality of the MCFEA developed in this thesis, it is of critical 
importance to compare the simulation results with the experimental values of the thermal 
conductivity reported in the studies available in the literature. In this section, 
experimental data reported in several studies selected from the literature are compared 
with the values evaluated using the MCFEA. Note that in the plots, Knt is the value of the 
SWCNT thermal conductivity assumed in the simulations. Note that, preliminary 
simulations reveal that the enhancements observed by experiments are significantly 
below the results reported in section 4.1. These unexpectedly low thermal conductivities 
are attributed to the thermal interface resistance RK, which results from the weak van der 
Waals forces acting between the nanotube and the polymer matrix. Hence, poor thermal 
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coupling originates leading to significantly high thermal interfacial resistance [28], [88]; 
this is acknowledged by many authors who investigated PNC thermal conductivity 
experimentally. Xue [48] developed a simple model that takes into account this resistance 
and provides an equivalent thermal conductivity for the nanotube, K^j., expressed as 
K 
ireq _ ^NT 
K
»r
 1 | 2RKKm ' ( 35 ) 
•
 L
 ' 
where Km is the thermal conductivity of SWCNT, L is nanotube length and RK is thermal 
interface resistance. 
Figure 33 shows clearly the effect of the interfacial thermal resistance on the resultant 
thermal conductivity of nanotubes; such that an increase in RK decreases K^j. drastically. 
The data are plotted keeping the SWCNT thermal conductivity at 2000 W/mK, and the 
length of SWCNT at 165 nm, chosen out of L/D=150 and d=1.09 nm as reported in 
section 3.3. 
The interfacial thermal resistance between a SWCNT and epoxy was measured 
experimentally by Bryning et al. [45] for two kinds of composites processed with 
different methods. The outcomes show RK:= 0.24±0.13xl0"8 m2K/W and RK = 
2.6±0.9xl0"8 m2K/W for DMF-processed and surfactant-processed PNCs, resulting in 
K^j. values, ranging from 22 to 72 W/mK, and 2 to 5 W/mK, respectively. 
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Figure 33. Effect of the interface thermal resistance on the equivalent thermal conductivity of SWCNT. 
Nanotube thermal conductivity and length are kept constant at 2000 W/mK and 165 ran, respectively. 
The variation of K^T as a function of nanotube length is shown in Figure 34 (a) for the 
two RK values, with KNT =2000 W/mK. The results have near linear tendency and 
discrepancy between the slopes is evident. However, the effect of the SWCNT thermal 
conductivity on K%r is insignificant, almost invariant; it is shown in Figure 34 (b) for RK 
= 0.24±0.13xl0"8 m2K/W and L = 165 ran. 
Based on the interface thermal resistance stated by Bryning et al. [45], the equivalent 
thermal conductivity of SWCNT can be estimated, ranging from as low as 2 W/mK to 
100 W/mK. For this reason, comparisons of effective thermal conductivity of PNCs 
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computed by the proposed MCFEA with the experimental data are established with a 
series of K^.. 
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Following are the detailed comparisons of the numerical results derived by the MCFEA 
with the data obtained from relevant independent experimental studies. 
Haggenmueller et al. 2007 [25] 
The effective thermal conductivity of SWCNT reinforced composites is investigated in 
terms of nanotube loading utilizing low-density and high-density polyethylene (LDPE, 
HDPE), reaching the thermal conductivities of .1.8 and 3.5 W/mK. Experiments were 
conducted for PNC samples prepared with SWCNT weight fractions (vty) of 0.01 and 0.30 
in LDPE, and 0.01, 0.05, 0.10, 0.30 in HDPE. Conversion from weight to volume 
fraction is performed using equation ( 32 ). The results obtained by the MCFEA for the 
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corresponding Wf values are compared to the experimentally measured data and are 
shown in Figure 35. The graph shows clearly that the MCFEA values and the measured 
ones follow a similar trend. Furthermore, for comparison reasons, the random Hatta-Taya 
method is also employed and represented in the plots. Note that comparable numbers are 
obtained using higher equivalent nanotube thermal conductivity values in HDPE based 
composite, implying lower interfacial thermal resistance. This coincides with the authors' 
conclusion suggesting higher crystallinity in HDPE reduces RJC. 
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Figure 35. The proposed MCFEA compared with Hatta-Taya model and the experimental values measured 
for SWCNT-HDPE and SWCNT-LDPE composites. 
65 
Xu et al. 2006 [29] 
The study was conducted to investigate the thermal properties of SWCNT-PVDF 
composites up to 49% nanotube loading. The measured values and the ones calculated by 
the proposed model developed in this work are shown in Figure 36. K^T quantities of 5 
and 25 W/mK are used in the MCFEA, which, nonetheless, overestimates the effective 
thermal conductivities. However, the significantly low measured conductivities are 
expected considering that the samples used in the experiments are produced with aqueous 
surfactant solution. Based on the work of Bryning et al. [45], RK of surfactant-processed 
SWCNT-polymer composite is approximately 2.6x10" m K/W, which corresponds to an 
equivalent NT thermal conductivity of 3.2 W/mK. Therefore, one can argue that the 
proposed approach values reflect a good agreement with the experimental data. 
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Figure 36. The proposed MCFEA compared with the experimental values measured for SWCNT-PVDF 
composites. 
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Yu et al. 2006 [21] 
The effect of SWCNT purity on the thermal conductivity of polymer nanocomposites was 
studied, utilizing raw and purified nanotubes. Various number of SWCNT loadings were 
added in epoxy, up to 5 and 9 % in weight for raw and purified nanotubes, as shown in 
Figure 37. The discrepancy between the plots is attributed to the impurities present in the 
PNC with the raw nanotubes. Good agreement is observed comparing the measured 
results with the values calculated by the proposed MCFEA. The equivalent thermal 
conductivities of SWCNT used in the simulations are within the range of the ones 
estimated by the authors (10-100 W/raK). This, again, gives evidence of the high 
interfacial thermal resistivity between the epoxy and the SWCNT. Weight fraction 
quantities are converted to volume fractions; thus they can be assigned in the model 
developed in this thesis. 
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Figure 37. Thermal conductivity of PNC as a function of SWCNT weight fraction of raw and purified 
nanotubes in comparison with the values computed by the MCFEA. 
Du et al. 2006 [28] 
An experimental study was performed by the authors to investigate the thermal 
conductivity of SWCNT-PMMA nanocomposites. The impact of the interface thermal 
resistance is pointed out by the authors. 
Figure 38. Thermal conductivity as a function of SWCNT loading for PMMA based composites. 
Accuracy of the thermal conductivity is ±15%. 
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Chapter 5 
Concluding Remarks 
A novel approach to determine the effective thermal conductivity of polymer 
nanocomposites (PNG) has been presented in this thesis. The PNC has been considered to 
consist of randomly distributed isotropic single-walled carbon nanorubes (SWCNT) and a 
polymer matrix. Evidences in the literature have demonstrated that the thermal 
conductivity of PNC observed from the experimental findings and the estimations made 
by currently available models differs significantly. This discrepancy has been attributed 
to the inherent heterogeneity of the PNC, which is caused by various uncertainties, such 
as SWCNT dispersion, spatial distribution, size and shape. Thus, the proposed model is 
based on a statistical homogenization approach that captures the randomness in the 
nanocomposites. The characterization of the randomness in the nanostructure relies on 
the PNC structures obtained from actual images. In that context, the PNC has been 
treated as a random heterogeneous medium and its structure has been defined as a 
material region (MR) as a representative volume element (RVE) that has been discretized 
by a number of finite elements (FEs). Random material fields have been generated that 
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correspond to non-uniform nanotube content throughout the matrix. Local SWCNT 
volume fractions have been produced from appropriately selected random variables that 
have specific probability density functions (PDFs). A set of generated volume fraction 
values has been considered as one realization and assigned to each FE in the MR. The 
finite element method has been utilized to determine the overall thermal conductivity of 
the PNC in conjunction with a Monte Carlo scheme to assess the statistical information of 
the response. Numerous realizations of the SWCNT volume fraction have been generated 
to account for the variations in the distribution of the nanotubes in the polymer. 
Experiments and image analyses reveal that carbon nanotubes (CNTs) exist in a non-
homogeneous manner in polymers. Therefore, the proposed model has assumed that a 
finite element is composed of a polymer and randomly distributed individual SWCNTs. 
In local level, the homogenization has been performed by the equivalent inclusion 
method to determine the thermal conductivity of each FE that contains certain amount of 
randomly assigned SWCNT volume. SWCNTs have been assumed to be straight, 
randomly distributed and oriented. The equivalent inclusion method based on the well 
known Hatta-Taya method, has been applied to individual SWCNTs and the polymer to 
determine the thermal conductivity of a finite element. 
The results derived by the Monte Carlo finite element approach (MCFEA) developed in 
this paper capture the influence of the spatial randomness in the PNC structure, and 
provides statistical information of its effective thermal conductivity. Non-uniform 
nanotube distribution and size effects have also been captured by the proposed model. 
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Variations of certain parameters used in the model pertaining thermal conductivity of the 
constituents, SWCNT volume fraction, size, and their effects on the overall effective 
thermal conductivity of the PNC have been presented. Next, to assess the accuracy of the 
proposed MCFEA, the numerical data obtained from experimental studies have been 
compared with the numerical results derived by the new approach. Collectively, the 
effective thermal conductivity values determined by the MCFEA in this thesis have been 
found in good agreement with the currently available experimental data reported in the 
literature. Further, the approach provides valuable information on the influence of the 
randomness and heterogeneity in the PNC structure on the overall effective thermal 
conductivity of SWCNT reinforced polymers. In comparison of the experimentally 
measured data with the values computed by the developed model, interfacial thermal 
resistance between the polymer and SWCNT must be accounted for. This high resistance 
appears to be a critical element in limiting the utility of nanotubes for enhancing the PNC 
thermal properties. Future work may include the influence of the CNT agglomerates 
which are revealed in experiments and image analyses, along with the effects of voids in 
the PNC and temperature variant nanotube thermal conductivity. 
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Appendix A 
Analytical Formulae of "S" Tensor 
In this appendix, the explicit analytical expressions of Sy appearing in equation ( 4 ) for a 
number of ellipsoids of special geometries are given. Tensor "S" depends on only the 
geometry of the inclusion. 
Tensor S;;: 
Figure Al. Ellipsoidal inclusion [89]. 
For an ellipsoid, Stj is defined by 
ata2a3 d' 
iJ
~ 4 dx.dx: 
2 •*•( 2 .2 N 
+ • 2 2 2 
^j
 0ya} +s . a2 +s a3 +sj A(s) 
ds, (Al) 
where ax,.a2 and a3 are semi-axes of ellipsoid and A(s) is given by the expression 
A(s) = yl(at+s)(a22+s)(a*+s) (A2) 
Equation (Al) indicates 
Sts = 0 if • i * j . (A3) 
Carrying out the differentiation in equation (Al) yields 
_ afca^ t ds 
+ s)A(s) 
(A4) 
Equation (A4) can be expressed for simple ellipsoidal geometries as follows 
(1) Sphere (ax = a2 = a3) 
^11 _ ^ 2 2 _ ^ 3 3 
1 (AS)' 
(2) Elliptic cylinder ( a, -» oo) 
Su=0, a-, 
'22 
a3 +a2 
c - ai 
°33 -
a3 + a2 
(A6) 
(3) Penny shape (a, < a2 = a3) 
°33 - °22 ~ ~j 
4a, 2a, 
(A7) 
(4) Oblate spheroid (ax < a2 = a3) 
i « — <->•> a3a, 
2(«3-«f)3 
cos —L—L 
a2 ai 
f
 a^
12 
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, 5,, =1-25. 22- (A8) 
(5) Prolate spheroid (a, >a2 = a3) 
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Appendix B 
Mathematical Steps Involved in Deriving the Equations ( 18) and ( 19 ) 
Appendix B provides the required steps in deriving equations ( 18 ) and (19 ) in detail. 
The effective thermal conductivity of the composite KtJ is defined by the equation 
where ( ) denotes the quantity averaged over all possible orientations in the entire 
composite body D. q\ and T,'j are the total (actual) heat flux and temperature gradient, 
respectively. Parameters /q') and (T,'J) are given as 
{«')=a-/)(?;).+fI?;*, <&>• 
on 
and 
(^) = (i-/)K)m+-^Jr,^, (B3) 
*D n 
where the subscript m denotes the matrix phase and VD is the volume of the entire 
composite D. In each phase, Fourier's law holds 
Iqjdv^-K^T.'jdv. (B5) 
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From equations (Bl) to (B5), equation ( 18 ) can be obtained 
K,{T:j)^K'S^:j)^^{Kf-Km^\T:jdV, (B6) 
vD 
The total temperature gradient T'j is given by the expression 
r,;=r,;+r,5 + fv. (B7) 
Rewriting equation (B7), 
r,j=7',;. + <r,5 + f v - 7 ' , ; . ) + r , : . (B8) 
Plugging equation (B8) into the total temperature gradient expression yields 
(rv)=ff^=rv + f J(r,;
 + 7y,-r,;)*+-L JJT,;*, (B9) 
. o n /> n £> n 
In equation (B9), the second term on the right-hand side vanishes in accordance with 
equation ( 7 ), hence equation ( 19 ) is obtained as 
(r;)=rf; + - L j o r > . (BIO) 
v Jn 
'D 
